Acoustic vibrations of nanoparticles made of materials with anisotropic elasticity and nanoparticles with non-spherical shapes are theoretically investigated using a homogeneous continuum model. Cubic, hexagonal and tetragonal symmetries of the elasticity are discussed, as are spheroidal, cuboctahedral and truncated cuboctahedral shapes. Tools are described to classify the different vibrations and for example help identify the modes having a significant low-frequency Raman scattering crosssection. Continuous evolutions of the modes starting from those of an isotropic sphere coupled with the determination of the irreducible representation of the branches permit some qualitative statements to be made about the nature of various modes. For spherical nanoparticles, a more accurate picture is obtained through projections onto the vibrations of an isotropic sphere.
I. INTRODUCTION
The lowest frequency vibrations of isolated nanoparticles are in the THz range, on the order of the speed of sound divided by the dimension. These are commonly refered to as confined acoustic phonons and are unrelated to optical phonons. There have been numerous experimental and theoretical studies on the acoustic vibrations of nanoparticles in the last few decades. These vibrations have been observed by a variety of experimental techniques including low frequency Raman scattering, 1 time resolved femtosecond pump-probe experiments, 2, 3, 4 infrared absorption, 5, 6 inelastic neutron scattering 7 and persistent spectral hole burning.
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Reasonable estimates for the mode frequencies are obtained using the 1882 Lamb solution of the continuum elastic problem for an elastically isotropic, homogeneous, free sphere. 8 This provided sufficiently good agreement to confirm that confined acoustic phonon modes were really being observed. However, this model was unable to deal with the anisotropy of actual samples.
Recent advances have permitted the creation of high quality elastically anisotropic samples. 9 The essential features are (1) a narrow size distribution (2) good crystallinity so that a significant amount of nanoparticles in the sample are mono-domain (3) controlled shape of nanoparticles and (4) separation of nanoparticles so that they vibrate as independent units. As a result, the vibrational modes of elastically anisotropic nanoparticles have been observed. This has created the need for an alternative to the Lamb model capable of dealing with nanoparticles with lower symmetry.
In this work, we use the method of Visscher et al.
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which is a standard numerical approach suitable for the calculation of the frequencies and the wavefunctions of the vibrations of such nanoparticles. The symmetry of these modes, their volume variation and their Lamb mode parentage are determined and applied to the prediction of their observation by different experimental techniques such as inelastic light scattering.
II. METHODS
The situation for an isotropic nanoparticle will now be summarized. In this case, the system is spherically symmetric. Thus, vibrational modes can be classified by their angular momentum number ℓ ≥ 0 and its z-component m. Modes can also be classified either as torsional (T) or spheroidal (S). Finally, modes are also indexed in order of frequency by n ≥ 1 (n = 1 corresponds to the first harmonic (fundamental mode), n = 2 to the second harmonic and so on). In the following, we will indicate Lamb modes using the compact notation X n ℓm where X=S or X=T.
All modes can be observed by inelastic neutron scattering in the typical situation where the wavelength of the neutrons is much smaller than the nanoparticle size. For nanoparticles whose dimension is small compared to the wavelength of light (dipolar approximation), Raman only detects S 0 and S 2 , infrared absorption only detects S 1 11 and time-resolved femtosecond pump-probe experiments typically only detect S 0 . In the following, we will assume that the nanoparticles are small enough so that the dipolar approximation holds.
Nanoparticles with either isotropic or anisotropic elasticity will be considered in the following. Isotropic elasticity is considered mainly for comparison with previous studies. Anisotropic elasticity is used for perfect nanocrystals consisting of a single domain. We will refer to such nanoparticles as being "mono-domain" in the following. In a small nanoparticle, a mono-domain structure is not necessarily energetically favorable. For example, it is well known that multiply-twinned silver nanoparticles are much more stable for certain ranges of size.
A. Calculation of frequencies and associated displacements
The frequencies and their associated displacements for an anisotropic nanoparticle have been calculated using the approach introduced by Visscher et al. 10 which also assumes continuum elasticity. Other authors have already confirmed that the convergence of this method is faster than the convergence of finite element methods at least in some cases. 13 The relevance of continuum elasticity for nanoparticles has been confirmed using atomistic calculations 14, 15, 16, 17 for nanoparticles larger than 2-3 nm and even for ZnO nanoparticles for which surface relaxation and stress are significant. 18 Most of the results presented in this paper have been obtained for nanospheres whose diameter is 10 nm which is well above these limits. It is possible to extrapolate them to different sizes since the frequencies vary as the inverse diameter. However care should be taken not to consider very small nanoparticles for which surface effects could significantly alter the validity of the continuum approximation. The calculational method for the modes gives each mode in terms of power series coefficients a ijpqr so that:
The power expansion covered 0 ≤ p + q + r ≤ 20 for good convergence for all the modes we are interested in. The frequencies for the isotropic spherical case were reproduced with very good accuracy. The convergence for strongly anisotropic systems is harder to check. Despite checking that the frequencies do not significantly change when adding more terms to the power expansion, we also compared the calculated frequencies with the Finite Element Mesh Sequence method introduced in a previous work.
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In this work, all the displacements have been normalized according to equation 2 where V is the volume of the nanoparticle.
B. Group theory
Degeneracy lifting
In the absence of spherical symmetry, modes are classified according to their remaining symmetry. For example, for a spherical nanoparticle with cubic elasticity, such as Ag, Au and Si, the system is symmetric under the symmetry operations of a cube, which is the 48-element group O h .
Our calculations return a large number of modes which have to be considered to interpret inelastic light scattering spectra or other experimental results. It is important to use not only the frequencies but also the wavefunctions in order to do that. Group theory is a very valuable tool in this context as it allows for example to identify the Raman active modes and therefore simplify the assignment process. In this work, we will only consider nanoparticles whose dimensions are small compared to the wavelength of light (dipolar approximation) in order to discuss the selection rules of Raman scattering. Table I shows how the degeneracy of the Raman and infrared active modes of an isotropic sphere 11 is lifted or not when lowering the symmetry. Only point groups relevant for the rest of this paper are considered.
Numerical determination of the irreducible representations
In order to take full advantage of group theory, it is important to label the different modes with the corresponding irreducible representation. Sophisticated and specific approaches could be considered to restrict the calculations to modes having a well-defined symmetry. However, we preferred to keep the numerical approach detailed previously because it is more general. We added a few calculation steps to determine the irreducible representation from the wavefunctions. It turns out this can be achieved very reliably and without much additional calculation time.
S being a symmetry operation of the point group of concern, and u i with i = 1, . . . n a full set of eigenmodes having the same frequency, the character of S for this irreducible group of vibrations is:
Such integrals can be calculated accurately and quickly when each Cartesian component of the displacement field is a sum of terms of the form x p y q z r . By calculating a few well-chosen characters, it is then straightforward to distinguish all the different irreducible representations using the character table of the point group. The only restriction to apply this procedure is that the degeneracy must be known and therefore the convergence must be good. Of course, a more general approach is require to handle accidental degeneracies.
In the following we detail some additional ways to improve our knowledge of these vibrations. These are needed since regarding Raman scattering many modes are labeled as Raman active due to the irreducible representation they belong to. However there is not necessarily an efficient coupling mechanism enabling a significant Raman intensity. The following tools are designed to somewhat address this problem. The volume of the nanoparticle does not change for every possible vibration. For isotropic spherical nanoparticles, the volume changes only for the spheroidal ℓ = 0 vibration. This volume change is also involved in the time-resolved femtosecond pump-probe measurements.
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As a result, it is interesting to calculate it for all the vibrations.
The volume variation corresponds to the flux of the displacement through the surface of the particle. The expression for a dimensionless volume variation δV is given in equation 4. Using the divergence theorem, this 2D integral can be turned into a volume integral involving derivatives of x p y q z r functions which are already calculated in the frame of Visscher's method. 10 Therefore this quantity can also be accurately and efficiently calculated. It can be shown that the volume variation is different from zero for fully symmetric vibrations only, i.e. for A 1g vibrations for the symmetries considered here.
Of course, the value of δV depends on the normalization (see equation 2).
D. Smooth variation of parameters
In order to follow how the vibrations evolve when lowering the symmetry, it is possible to follow the frequencies of the different modes while slowly varying the parameters (for example the shape or the elastic constants of the material the nanoparticle is made of). The curve representing the variation of one frequency is called a branch in the following. Group theory can help plotting such branches more reliably because all the different points on a given branch share the same irreducible representation. Moreover branches having different irreducible representations can cross but not branches having the same irreducible representation. This originates from the coupling between the different branches being due to the anisotropy itself whose irreducible representation is A 1g for the point groups we focus on. As a result, all n th modes having a given irreducible representation belong to the same branch and can be safely connected.
In this work, branches due to varying elastic anisotropy are calculated by changing the stiffness tensor using C(x) = (1−x)C iso +xC ani with 0 ≤ x ≤ 1, C iso being the tensor of the isotropic material (which can be obtained by averaging the sound velocities 19 or other methods 21 or using measured longitudinal and transverse sound velocities) and C ani the anisotropic tensor. The parameters used in this work are given in Ref. 22 . It should be noted that such branches are made of fictive materials except for x = 1 where the real elastic parameters of the bulk material are used.
E. Projections
When the lowering of the symmetry is not due to a change in the shape of the nanoparticle, it is possible to compare the wavefunctions (omitting their time dependences) of the two systems. As commonly done for atomistic calculations 14, 15, 16 , we calculated the projection of the displacements of spherical nanoparticles onto Lamb modes. For a given mode whose displacement is u i R the projection onto the Lamb mode X n ℓm is defined as:
The orthonormality and completeness of the Lamb modes implies that, for any i,
Likewise, the orthonormality and completeness of the modes of the anisotropic nanoparticle implies that, for any ℓ, m and n,
However, a more relevant quantity is obtained by summing the squared projections over all the degenerate Lamb modes i.e. over m. As a result, the total squared projection of u i onto the subspace spanned by the 2ℓ + 1 modes X n ℓ is: The Lamb projections given in the fourth columns of tables II through VII correspond to this last quantity. It represents the ratio of the energy contained in the projection onto Lamb mode X n ℓ to that of mode i assuming the same frequencies.
III. APPLICATIONS
A. Spherical nanocrystals with cubic crystallinity
Spherical mono-domain silver and gold nanoparticles
Let us first consider the case of a spherical nanoparticle made of silver. This nanoparticle is mono-domain and therefore the stiffness tensor is the same everywhere inside the nanoparticle and identical to that of bulk silver.
23 Table II presents the calculated frequencies, irreducible representations, main projections onto the modes of an isotropic silver sphere and volume variations of the lowest frequency modes. The six modes i = 1 . . . 6 have zero frequency and correspond to the rigid rotations and translations of the nanoparticle. The branches corresponding to the lowering of the symmetry when going from the isotropic to the anisotropic case are plotted in figure 1 . Figure 1 clearly shows that the introduction of elastic anisotropy significantly lifts the degeneracy of most modes. One notable exception is the breathing mode which corresponds to the second A 1g branch. This mode is non-degenerate and its frequency hardly changes with anisotropy. The other important exception are the dipolar modes S 1 which are infrared active and transform into T 1u with the same degeneracy. The lowest Raman active mode S figure 2 . Compared to the previous case of silver, only the values of the stiffness tensor were changed so most observations previously made still apply. We recently reported on the experimental observation of the splitting of S 1 2 for such nanoparticles. 9 There is an excellent agreement between these measurements and the splitting calculated using the present approach. This strongly supports the validity of our approach and in particular the relevance of elastic anisotropy even in such very small nanoparticles.
One notable difference between gold and silver concerns the case of the breathing mode. The isotropic breathing mode at 311.6 GHz belongs to the third A 1g branch. Therefore it is tempting to assume that the anisotropic breathing mode lies on the same branch and is therefore mode i = 133 at 301.9 GHz. However, table III reveals that mode i = 141 is a much better candidate for a breathing mode due to its larger volume variation and projection onto S 1 0 . It turns out this is due to a strong mixing of the A 1g branches as anisotropy is increased. Indeed, the isotropic modes S 4 , S 6 and S 8 are split into various irreducible representations, one of them being A 1g . Unlike the previous case of silver, the elastic constants of gold result in four A 1g branches coming from S Figure 3 shows the variation of the squared projections onto S 1 0 of three of these A 1g branches as the elastic anisotropy is varied and confirm the mixing discussed above.
Similar but less pronounced mixings are observed in all cases. The density of modes (i.e. the number of modes per unit frequency) increases with frequency. As a result, the probability of mixings increases with frequency or i. This explains why the lowest frequency modes such as the lowest E g ones are almost pure isotropic modes (S 1 2 ). However, the lowest T 2g branches which are issued from the same S 1 2 and from T 1 3 are already significantly mixed by anisotropy for both gold and silver nanoparticles. This is clearly evidenced in figure 3 too.
Raman scattering efficiency for metallic cubic materials
Low-frequency Raman scattering from silver and gold nanoparticles has attracted a lot of attention during the last few decades. The scattering mechanisms have been identified 25 and one might wonder how the anisotropic considerations detailed in this work fit into this picture. The inelastic light scattering process for such nanoparticles is mediated by the dipolar plasmon. As a result only scattering by S 0 and S 2 modes is allowed 11 and has a significant Raman scattering cross-section 25 in the isotropic case. Anisotropic nanoparticles obey the same rules and one might qualitatively estimate their Raman intensity by using the projections onto the same isotropic modes. As a result a significant scattering intensity is expected for the lowest E g and T 2g modes of both silver and gold while the second T 2g mode should have a small Raman cross-section due to its small projection onto S 1 2 . The volume mechanism enables a measurable Raman intensity for the A 1g modes having a significant projection onto S 0 , i.e. for modes i = 75 and i = 141 for silver and gold respectively. The Raman intensity for other A 1g modes should be very weak and probably not measurable in practice.
Other cubic materials
For cubic materials, the degree of elastic anisotropy is quantified by the Zener anisotropy ratio, A = 2C 44 /(C 11 − C 12 ). A=1 for an isotropic material. Silver and copper both have A ≃ 3 and also had the largest mode splittings that we found. For comparison, we mention results for some less anisotropic materials. For a silicon nanosphere with radius 5 nm, the Lamb mode S 1 2 splits into two frequencies at 386.6 GHz (E g ) and 485.9 GHz (T 2g ). For a germanium nanosphere, the same mode is split into 235.1 GHz (E g ) and 295.3 GHz (T 2g ). Using the standard deviation as a simple measure of the frequency splitting ∆ (and therefore neglecting the effect of mixings), we obtain ∆ =23, 22, 10 and 11% for Ag, Au, Si and Ge respectively. For all these commonly studied materials, this splitting cannot be neglected.
B. Spherical nanocrystals with tetragonal crystallinity
Nanospheres with tetragonal crystallinity have a lower symmetry than the previous nanospheres with cubic crystallinity. The corresponding point group is D 4h . As a result, more degeneracy lifting occurs. This results in a splitting of the infrared active S 1 mode into A 2u and E u and four branches starting from the S 1 2 mode (A 1g , B 1g , B 2g and E g ). The relative order of these branches depends on the stiffness tensor. Two nanospheres made of TiO 2 with radius 5 nm will be considered using the parameters from Ref. 26 . One of them has the anatase crystal structure (table IV) and the other the rutile structure (table V and figure 4). We used these calculations for the anatase crystal structure in a recent work 7 to model the inelastic scattering of neutrons. Both have tetragonal symmetry but different elastic parameters. This results in different relative positions of the frequencies of the modes coming from a given isotropic mode. Using the same measure as before, the frequency splitting for the S 1 2 modes is ∆ = 10 and 20% for the anatase and rutile structure respectively.
Due to the lowering of the symmetry compared to the cubic case, the breathing mode is also susceptible to more mixings. For anatase TiO 2 , the S 
C. Spherical nanocrystals with hexagonal crystallinity
As a last example of the influence of elastic anisotropy, we focus on nanospheres made of crystals having hexagonal symmetry, namely CdSe (table VI and figure 5 using the elastic constants from Ref. 27 ), Co (table VII using the elastic constants from Ref. 28 ) and ZnO (elastic constants from Ref. 18 ). The associated point group is D 6h . The most notable difference compared to previous symmetries is that some "accidental" degeneracy exists for such systems: for each B 1g (B 1u ) vibration there is a B 2g (B 2u ) vibration having the same frequency.
Using the same measure as before, the frequency split- ting for the S 1 2 modes is ∆ =9, 11 and 5% for the CdSe, Co and ZnO respectively. ZnO is therefore the most elastically isotropic amongst the materials studied in this work.
Regarding the breathing mode, for CdSe it is hardly mixed with other modes due to anisotropy and results in mode i = 77 which has a strong projection onto S 6 for CdSe nanoparticles is split by the lowering of symmetry into A 2u and E 1u modes at 181.9 and 181.3 GHz respectively. This frequency splitting is very small but these modes mix with the branches having identical irreducible representations coming from S 
D. Non-spherical nanocrystals
In order to illustrate the usefulness of the same numerical tools for a different source of anisotropy, we con- sider in the following the lowering of the symmetry due to the shape of the nanoparticles. We start with a minor change of the shape as the nanosphere is transformed into a spheroid having an isotropic elasticity. Then we consider faceted nanoparticles with elastic anisotropy.
Spheroids with isotropic elasticity
Let us consider a spheroid made of silver with a degenerate semi-axis R = 5 nm and a varying non-degenerate semi-axis R z . We assume the elasticity to be isotropic. The point group associated with such a spheroid is therefore D ∞h . The frequencies, irreducible representations and volume variations for a spheroid with R z = 10 nm are presented in table VIII. The branches obtained for varying R z are presented in figure 6 .
Let us now focus on the effect of the spheroidal deformation on the S 1 2 modes. Looking at the displacements corresponding to these modes for small deviations from the sphere, it is possible to understand the frequency variations. The lowest A 1g mode corresponds to a stretching along the z direction accompanied by a shrinking in the xy plane. Therefore it can be seen as a vibration confined along the z direction and its frequency varies roughly as 1/R z . The E 2g vibrations correspond to a stretching in the xy plane without changes along the z axis and therefore their frequencies hardly changes with R z . The E 1g vibrations correspond to a stretching in the xz and yz plane without changes along the z axis and therefore their frequencies vary with a slower eccentricity dependence than the previous mode. These rough approximations are in agreement with the dependence observed in figure 6 . Using perturbation theory, 29 it is possible to obtain more accurate expressions for the frequencies of these three branches. The exact variations for |R z − R| ≪ R are Ω(1 + 4β/21), Ω(1 − 2β/21) and Ω(1 − 4β/21) for the E 1g , E 2g and A 1g modes respectively where β = 2(R z − R)/(R z + R) and Ω is the frequency of modes S 1 2 for a spherical particle having the same volume. Note that the length of the degenerate semi-axis is constant in this work and therefore the volume varies linearly with R z .
Using Ω = ω S 1 2 3 R/R z results in expressions which are in very good agreement with figure 6 close to R z = R.
Regarding the "breathing" mode, the picture gets very complicated when R z /R differs significantly from 1. S 1 0 is on the 4 th A 1g branch. Therefore the mode of the spheroid with R z /R = 2 on the same branch is mode i = 64. However, due to the mixing with neighboring A 1g branches, the mode with i = 90 is a better candidate since its volume variation is much larger. Thanks to this additional property of the symmetric modes, it is therefore possible to follow the breathing mode. However, because it is not possible to project onto the Lamb modes of an isotropic sphere due to the different shapes, only the branches and the anti-crossing patterns between branches having the same irreducible representation can help tracking qualitatively the other S and T modes.
These calculations are targetted at interpreting experimental results on silver nanoparticles such as nanocolumns. 30 Compared to previous calculations using the FEMS method presented before, 31 the current approach enables a more complete description of the different vibrations besides being faster and more acurate. In particular, the variation of volume is very efficient in showing which modes should be observed by timeresolved pump-probe experiments. 4 It is interesting to note that some works 4,30 concern aligned nanocolumns which results in interesting depolarization rules for the Raman peaks. For non-aligned nanoparticles, these rules are the same as those used routinely for an ensemble of molecules, i.e. all the Raman active modes produce completely depolarized Raman peaks except for the A 1g vibrations which have a "polarized" scattering for which the Raman peak is more intense when the polarizations of the incident and scattered photons are parallel. For oriented nanoparticles, this rule doesn't hold and the angles of the incident and scattered photons with respect to the axis of symmetry of the nanoparticles have to be taken into account.
Recent time-resolved pump-probe femtosecond experiments for single gold nanoparticles 32 also demonstrate the need for such a model. In particular, the observation of a peak close to the S 1 2 frequency is reported for spheroids but not for spheres. This is in agreement with the features reported here for silver, namely that the A 1g mode coming from the S 1 2 mode has a non-zero volume variation enabling it to be observed in such an experiment unlike the S 1 2 mode of a sphere. It is also worth noting that the shape of the peak attributed to "the breathing mode" in this work for dumbbells looks quite complicated. Such nano-objects have the same symmetry as spheroids. As a result, in most cases there is no such thing as a "breathing mode" but rather a set of A 1g vibrations in a relatively narrow frequency range having a significant volume variation. This is due to the fact that the A 1g branch coming from the S 1 0 vibration mixes with all the other A 1g branches which come from all the S ℓ vibrations with even ℓ. Modeling such gold dumbbells is beyond the scope of this paper, but doing so would enable a more detailed understanding of the experimental results, especially for such single particle measurements for which the external shape of the nanoparticles can be obtained from SEM images. The relatively large size of these nanoparticles prevents them from being singledomain and justifies the use of the isotropic elastic approximation.
anisotropic gold polyhedra
Observation of faceted nanoparticles using electron microscopy is quite common. Such facets can be thought of as a signature of the inner crystal structure and therefore as an indication of the elastic anisotropy. 33 To quantify the importance of the shape on the vibrations, we calculated the frequencies and irreducible representations for some polyhedra and the results are presented in table IX. The crystal lattice is oriented with respect to the shape so that the [100] planes correspond to the square faces for the cuboctahedron and to the octagonal faces for the truncated cuboctahedron. There is no lowering of symmetry associated with these shapes compared to the case of a mono-domain spherical gold nanoparticle. The relevant point group is then D 4h . While table IX clearly shows that the lowest frequencies change with the shape, the frequencies of the lowest E g and T 2g modes are hardly affected. Since the degeneracies of the S 0 and S 1 modes are not lifted, all the modes which are observable by Raman scattering, infrared absorption of time-resolved pump-probe experiments are not sensitive to these changes of shape. 
IV. MULTIPLE-DOMAIN NANOPARTICLES
Several attempts have been made in the past either to fit low frequency Raman spectra or to determine the size distribution of the nanoparticles inside a sample using the shape of the low-frequency Raman peak. Both approaches always rely on the validity of the isotropic model by Lamb and on the predominance of the size distribution, the coupling with a surrounding matrix and the electron-vibration coupling to fit the broadening of the peaks. However the distribution of internal structures of multiple-domain nanoparticles also results in inhomogeneous broadening.
It is in principle possible to model the vibrations of a multiple-domain nanoparticle using the numerical method of Visscher et al.. However this requires a complete description of the position of the domain boundaries and the orientations of the crystal lattice. For ensemble measurements with the nanoparticles having a variety of different internal structure, a lot of calculations would be required. Otherwise, using such an approach for a single internal structure is justified only if all the studied nanoparticles are identical for ensemble measurements or if the inner structure of a nanoparticle studied in a single particle measurement is perfectly known. Due to these latter two conditions having never been met until now and also to the additional complexity of modelling a multiple-domain nanoparticle, we suggest using the isotropic approximation to describe an ensemble of multiple-domain nanoparticles. What this means is that no nanoparticle behaves exactly as an isotropic nanoparticle, but the isotropic approximation gives an average value due to the nanoparticles having essentially random domain structures. Ensemble measurements should therefore show features associated with these average frequencies with some inhomogeneous width due to the inhomogeneous distribution of domains inside the population of nanoparticles.
We calculated the vibrations of an icosahedron made of gold and silver assuming the isotropic approximation to be valid in that case. The corresponding point group for such a nanoparticle is I h . It is interesting to note that in this case there is no degeneracy lifting for the modes S 0 , S 1 and S 2 whose irreducible representation in the new system is A g , T 1u and H g respectively. As a result, there is hardly any frequency difference compared to the case of a sphere having the same volume. A real icosahedron made of an anisotropic material but having the same symmetry due to the presence of twins would have no degeneracy lifting either for the same modes and we expect almost the same frequencies too.
V. CONCLUSION
We have presented mode frequencies and irreducible representations for homogeneous continuum nanoparticles using a standard numerical method which can handle arbitrary shape and anisotropic elasticity. The classification by irreducible representation makes it possible to label many modes as either Raman or infrared inactive. We have been able to go beyond this to provide some tools to make qualitive estimates of the Raman intensity of potentially Raman active modes. These tools are well-suited for the interpretation of experimental results obtained with vibrational spectroscopies.
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This approach fills a large gap in current works since up to now it was necessary to choose between a simplified spherical isotropic model where the underlying physics was simple enough but where the accuracy was challenged by recent experimental results or a numerical approach which provides accurate frequencies but which is inefficient in practice due to the lack of tools to distinguish the relevant vibrations without complex simulations of spectra.
It is clear that additional theoretical work is required in order to quantitatively predict Raman intensities for elastically anisotropic modes of spheres. However, the labeling of modes via their Lamb mode parentage by continuous variation of the elastic isotropy and projections for spherical nanoparticles, is a powerful descriptive and semi-quantitative tool for understanding what is going on with elastic anisotropy. The significant frequency splittings obtained in this work call into question the validity of the isotropic approximation for the case of multipledomain nanoparticles. Such systems are very relevant experimentally but their vibrations remain largely unaddressed.
